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C*- $\mathcal{K}$ K0- $K_{0}(\mathcal{K})$
$\mathcal{K}$
([20])
Dirac functional calculus map
C*-
.




















Theorem 2.1.1 (Atiyah-Singer[1]) $M$ Riemann
$E,$ $F$ $M$ Hermite















2.2 Fredholm ( ) C*- ( K*- )
Riemaim Sobolev
parametrix Redholm Redholm















Exaxnple 2.2.4 (C ) $B(\mathcal{H})$ $\mathcal{H}$
$\mathcal{K}(\mathcal{H})$ $\dim(\mathcal{H})=\aleph_{0}$ .
$\mathcal{K}(\mathcal{H})$ $B(\mathcal{H})$ \beta \not\in
$\mathcal{K}(\mathcal{H})$ Cl-




























Proposition 2.2.8 (Fredholm homotopy $\mathrm{I}\mathrm{I}$)
$GL_{n}(Q)arrow*(\begin{array}{ll}GL_{n}(Q) 00 \mathrm{l}\end{array})\subset GL_{n+1}(Q)$
$GL_{\infty}(Q):= \lim_{arrow}GL_{n}(Q)$









Definition 2.2.9 ( $C^{*}$- $K_{0}$- ) Cl- $A$








$A$ $C^{*}$ - C*- $A^{+1}2$
C*-
$0arrow A-^{\iota}A^{+1}-^{\pi}\mathrm{C}arrow \mathrm{O}$
2 C*- $A$ C*- $A^{+1}$
$A^{+1}:=A\oplus \mathrm{C}$
$(A, \lambda)(B,\mu):=(AB+\lambda B+\mu A, \lambda\mu)$ , $A,$ $B\in A,$ $\lambda,$ $\mu\in \mathrm{C}_{\text{ }}$
$(A, \lambda)^{*}:=(A^{*}$ , \lambda $)$
$C^{*}-i$ $(A, \lambda)$ Banach $A$




$\ovalbox{\tt\small REJECT}$ : $K_{0}(A^{+1})arrow K_{0}(\mathrm{C})$
$A$ K0-
$\ovalbox{\tt\small REJECT}(A):=\mathrm{k}\mathrm{e}\mathrm{r}(\pi_{0})$
Definition 2.2.10 ($C^{*}$- $K_{1}$- ) $A$ C*-
$K_{1}(A):=\pi_{0}(GL_{\infty}(A))=\pi_{0}(U_{\infty}(A))$ (2.2.8)
















$\partial_{1nd}$. Rffiholm $F\in B$ $\mathrm{k}\mathrm{e}\mathrm{r}(F)$ $\mathrm{c}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}(F)$
$P,$ $Q$










( ) index map
$K$- [4]
2.3 Dirac super $\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{e}$
$F$ $\mathrm{k}\mathrm{e}\mathrm{r}(F)$ $\mathrm{c}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}(F)$
?
Riemann $M$ Clifford $S$ Dirac $D$
$\epsilon=(\begin{array}{l}0\mathrm{l}0-\mathrm{l}\end{array})$

























Definition 3.1.1 (coarse ) $(M, d),$ $(M’, d’)$
$f$ : $Marrow M’$
$\forall_{B\subset M’}$ : $\Rightarrow f^{-1}(B)\subset M$ : ( )
$\forall_{\delta>0,\delta’>0s.t}\exists$ .






Example 3.1.2 $\mathrm{R}^{2}$ coarse
coarse




coarse $f,$ $g$ close
$f$ $g$ { coarse $f\sim g$ $\text{ }$
Definition 3.1.4 (coarse ) $(M, d),$ $(M’, d’)$ coarse
$\exists f$ : $Marrow M’,$ $f’$ : $M’arrow M$ : coarse $s.t$ .
$f’\circ f\sim id_{M},$ $f\circ f’\sim id_{M’}$
Remark 3.1.5 coarse
coarse
Remark 3.1.6( coarse ) $(M, d)$
ff$(x,y):= \min\{d(x, y), 1/n\}$
$d_{n}(x,y):= \max\{d(x, y), n\}$ $(x\neq y)$
coarse
coarse






Definition 3.2.1 ( (controlled set)) $(M, d)$
(n+l)- $M^{n+1}$ $S$
$M^{n+1}$ $i$
$\pi_{\dot{l}}$ : $M^{n}\ni$ ($X_{0},$ $\ldots,X:,$ $\ldots$ ,x )\mapsto x: $\in M$ $(0\leq i\leq n)$
$S$ $\pi.\cdot|s$ close
Definition3.2.2(Alexander-Spmier ) $(M, d)$
$M^{q+1}$ $\mathrm{R}$
$\mathrm{R}$ $CA^{q}(M)$
$( \delta_{A}^{q}\varphi)(x_{0}, \ldots, x_{q+1})=\sum_{\dot{l}=0}^{q+1}(-1)^{:}\varphi(x_{0}, \ldots,\overline{x_{}}, \ldots,x_{q+1})$
$CA^{q}(M)$ $CA^{q+1}(M)$
Alexander-Spanier $HA^{*}(M)$
Remark 3.2.3 ( Alexander-Spanier ([22]))
Alexander-Spanier R $M$




Remk3.2.4 $HA^{*}(M)$ $\check{H}^{*}(M)$ $H_{dR}^{*}(M)$
12
?Definition 3.2.5 (coarse cohomology) $M^{q+1}$ $\mathrm{R}$ ^
$CX^{q+1}(M)$




Remark 3.2.6 $CA^{*}$ $CX^{*}$
smooth, continuous, Borel
Definition 3.2.7 ( ) $HX^{q}(M)$ $S$
$5\text{ }HA_{c}^{q}(M)$ $H_{dR,c}^{q}(M)$
$\chi^{t}$ $\chi^{t}$
$\chi^{S}$ : $CX^{q}(M)\ni\varphi\mapsto\varphi|_{S}\in CA_{c}^{q}(M)$












Definition 4.0.8 (Roe ) $M$ Riemann $S$ Dirac
$L^{2}(S)$ $C^{\infty}$
$*$ - $Cmt^{*}(M)$
Cant’(M) $C^{*}$ - Roe $C_{cmt}^{*}(M)$
Roe $K_{*}$ - coarse
Remark 4.0.9( Riemann Roe )








[ $s_{0}\in C_{c}^{\infty}(S)$ [ $s_{t}:=e^{\sqrt{-1}tD}s_{0}$
Proposition 4.0.11 (functional calculus map[19])
$S(\mathrm{R})$ Fourier functional calculus map




6 Fourier $F^{-1}$ $\mathcal{F}^{-1}(C_{\mathrm{c}}^{\infty}(\hat{\mathrm{R}})):=\{f\in S(\mathrm{R})|\hat{f}\in C_{\mathrm{c}}^{\infty}(\hat{\mathrm{R}})\}$
$F^{-1}(C_{c}^{\infty}(\hat{\mathrm{R}}))\subset S(\mathrm{R})\subset C_{0}(\mathrm{R})$ 2
14
$\overline{\rho_{even}}$ : $C_{0}(\mathrm{R})\mathrm{x}_{\alpha}\mathrm{Z}_{2}\cong \mathcal{E}\otimes(\begin{array}{ll}1 00 1\end{array})\oplus \mathcal{O}\otimes(\begin{array}{ll}0 1\mathrm{l} 0\end{array})arrow \mathrm{q}_{mt}(M)$
$f_{e},$
$f_{\epsilon}\in F^{-1}(C_{c}^{\infty}(\overline{\mathrm{R}}))$
$\rho_{even}(f_{e}U_{e}+f_{\epsilon}U_{\epsilon})$ $:=$ $f_{e}(D)e+f_{\epsilon}(D)\epsilon$ ,
7




c-ind(D) $:=\{\begin{array}{l}\overline{p_{even}}(P_{g})\in K_{0}(C_{cmt}^{*}(M))\overline{\rho_{M}}(U_{g})\in K_{1}(C_{\mathrm{c}mt}^{*}(M))\end{array}$
$C_{0}(\mathrm{R})\mathrm{x}_{\alpha}$ Z2 $1/(1+x^{2})(\begin{array}{ll}\mathrm{l} xx x^{2}\end{array})-(\begin{array}{ll}0 00 1\end{array})$





$C^{*}$ - Z2 $:=\{e, \epsilon\}=\{$
$C_{0}(\mathrm{R})$ $C_{0}(\mathrm{R})[\mathrm{Z}_{2}]$
$\epsilon$
$(\begin{array}{ll}1 00 1\end{array}),$ $(\begin{array}{ll}1 00 -1\end{array})\}$
$*$ } $*\iota$
$\alpha$ : $\mathrm{Z}_{2}arrow \mathrm{A}\mathrm{u}\mathrm{t}(C_{0}(\mathrm{R}))$
$\alpha$- * $C$‘- } $\mathrm{Z}_{2}$
$U$ { [8] [
$\mathcal{E},$ $O$ $C_{0}(\mathrm{R})$
15
$x$ $\mathrm{R}$ $x$ $\mathrm{R}\cross \mathrm{R}$
$\frac{x+\sqrt{-1}}{x-\sqrt{-1}}$
$\mathrm{R}$ $\mathrm{C}$ +1 Cayley






$\tau(A_{q}, A_{0}, A_{1}, \ldots,A_{q-1})=(-1)^{q}\tau(A_{0}, A_{1}, \ldots, A_{q-1}, A_{q})$
$A$ $(q+1)$ $CC^{q+1}$ (A)





Definition 4.0.14 ( ) $\varphi\in HX^{q}(M)$
$\mathrm{q}_{cm}(M)$ ( $\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{e}$ \Re )
$\tau_{\varphi}(A_{0}, \ldots, A_{q}):=\int_{M^{q+1}}k_{A_{0}}(x_{0},x_{1})\cdots k_{A_{q}}(x_{q},x_{0})\varphi(x_{0}, \ldots,x_{q})dx_{0}\cdots dx_{q}$
$\varphi$ $\tau_{\varphi}$
$\chi^{c}$ : $HX^{q}(M)arrow HC^{q}(C_{\infty nt}^{*}(M))$
16
Definition 4.0.15 (pcoarse ) $D$ $\varphi\in HX^{q}(M)$
coarse $c- \mathrm{i}\mathrm{n}\mathrm{d}_{\ovalbox{\tt\small REJECT}’\ovalbox{\tt\small REJECT}}(D)$
$c- \mathrm{i}\mathrm{n}\mathrm{d}_{\varphi}(D):=(c- \mathrm{i}\mathrm{n}\mathrm{d}(D), \chi^{c}(\varphi)\rangle$
$:=\{$
$\tau_{\varphi}$(c-ind(D), $\ldots$ , c-ind(D)) if $q,$ $\dim M$ : even
$\tau_{\varphi}(c- \mathrm{i}\mathrm{n}\mathrm{d}(D)^{-1}-1$ , c-ind(D)–l,
. . ., c-ind(D)-1–1, $c$-ind$(D)-1)$ if $q,$ $\dim M$ : odd




Theorem 5.1.1 (Coarse [20])
$c- \mathrm{i}\mathrm{n}\mathrm{d}_{\varphi}(D)=c_{q}\langle\chi^{t}(\varphi)\cup\pi_{!}(ch^{*}(\sigma_{D}))\cup td(M), [M]\rangle$
$c_{q}$
$\varphi\in HX^{q}(M)$
$c_{q}= \frac{(q/2)!}{q!(2\pi i)^{q/2}}$ if $q,$ $\dim M$ : even
$c_{q}= \frac{\{(q+1)/2\}!}{q!(2\pi i)^{(q+1)/2}}$ if $q,$ $\dim M$ : odd
([7])
5.2 Coarse
Theorem 5.2.1 ( [11]) $N$
Riemann $M:=N\cross \mathrm{R}^{r}$ $N$ D , $D_{N}$
17
$M$ $N$ Dirac
inc N $(D_{M})=c-\mathrm{i}\mathrm{n}\mathrm{d}_{\varphi_{g}}(D_{\mathrm{R}^{r}})\cdot a-\mathrm{i}\mathrm{n}\mathrm{d}(D_{N})$ ,
$\varphi_{N}$ $N$ $M$ Poincar\’e pd(N) a-ind
Redholm $\varphi_{g}$ $HX^{r}(\mathrm{R}^{r})$
$c- \mathrm{i}\mathrm{n}\mathrm{d}_{\varphi_{g}}(D_{\mathrm{R}^{r}})=$
$M:=N\cross \mathrm{R}^{r}$ $\mathrm{R}^{r}$ coarse
[19] \Re
Lemma 5.2.2($M$ ) $M$
$\chi^{t}$ : $HX^{r}(M)arrow H_{dR,c}^{r}(M)\underline{\simeq}$
Lemma 5.2.3 ($HX^{r}(\mathrm{R}^{r})$ ) $HX^{r}(\mathrm{R}^{r})$ $\varphi_{g}$
$HX^{1}(\mathrm{R}^{1})$
$\phi_{g}(x_{0},x_{1})=\{\begin{array}{l}0,forx_{0}\geq 0,x_{1}\geq 0\mathrm{l}forx_{0}<0,x_{1}>00,forx_{0}\leq 0,x_{1}\leq 0-1forx_{0}>0,x_{1}<0\end{array}$
$r$ $\cup^{r}\phi_{g}$ -\Re $\emptyset\in CX^{p}(M),$ $\psi\in CX^{q}(N)$
$\varphi\cup\psi\in CX^{p+q}(M\cross N)$
$(\varphi\cup\psi)((x_{0}, y_{0}),$
$\ldots,$ ($x_{p+q}$ , y q) $)$ $:=\varphi(x_{0}, \ldots, x_{p})\psi(x_{p}, \ldots, x_{p+q})$
$\phi_{g}$
Heaviside $h(x):=0(x<0),$ $1(0\leq x)$




Theorem 5.2.4 ($HX^{n}(\mathrm{R}^{n})$ Riesz [11])
$(R_{i}f)(x):= \lim_{\epsilon\downarrow 0}\frac{2}{\sqrt{-1}\mathrm{v}\mathrm{o}1(S^{n})}\int_{|x-y|>\epsilon}\frac{|x_{i}-y_{i}|}{|x-y|^{n+1}}f(y)dy$
$\mathrm{v}\mathrm{o}\mathrm{l}(S^{n})=2\pi^{(n+1)/2}/\Gamma((n+1)/2)$
$L^{2}(\mathrm{R}^{n})$ Riesz 8 $\mathrm{R}^{n}$ Clifford
Clifford-Riesz $F$ :=\Sigma E9
$c- \mathrm{i}\mathrm{n}\mathrm{d}_{\varphi_{g}}(D_{\mathrm{B}^{n}})=\langle\tau_{\sigma(F)}, c- \mathrm{i}\mathrm{n}\mathrm{d}(D_{\mathrm{R}^{n}})\rangle$
$\tau_{\sigma(F)}$ Fredholm $(Cont’(YU^{n}), F, L^{2}(\mathrm{R}^{n}))$
cocycle






$D_{\mathrm{R}^{n}}= \sum_{i=1}^{n}\gamma_{1}^{(n)}.\frac{1}{\sqrt{-1}}\frac{\partial}{\partial x_{1}}.$ on $L^{2}(\mathrm{R}^{n})\otimes \mathrm{C}^{[n/2]}$
F=sgn(DR\rightarrow $\mathrm{s}\mathrm{g}\mathrm{n}(x):=x/|x|(x\in \mathrm{R})$




$\gamma_{i}^{(n+2)}:=(\begin{array}{ll}0_{\nu \mathrm{x}\nu} \gamma_{i}^{(n)}\gamma_{i}^{(n)} 0_{\nu \mathrm{x}\nu}\end{array})$ $f\sigma r1\leq i\leq n$
$\gamma_{n+1}^{(n+2)}:=($ $\sqrt{-1}1_{\nu \mathrm{x}\nu}0_{\nu \mathrm{x}\nu}$ $-\sqrt{-1}1_{\nu \mathrm{x}\nu}0_{\nu \mathrm{x}\nu}$ ), $\gamma_{n+2}^{(n+2)}:=(\begin{array}{ll}1_{\nu \mathrm{x}\nu} 0_{\nu \mathrm{x}\nu}0_{\nu \mathrm{x}\nu} -1_{\nu \mathrm{x}\nu}\end{array})$
$n$





coarse Gromov ( 10)
11
Definition A.0.5 ( ) $(M, d),$ $(M’, d)$
$f$ : $Marrow M’$
$\exists_{\mu>0,\sigma\geq 0s.t}$.
$\frac{1}{\mu}d(x,y)-\sigma\leq d’(f(x), f(y))\leq\mu d(x,y)+\sigma\forall_{x,y\in M}$
$(\mu$ , \sigma $)$
-\Re 12 $f$
$\exists_{r}>0s.t$ . $M’\subset N_{r}(f(M))$
$\mu’>0,$ $d\geq 0$ (\mu ’, ’)-
$f’$ : $M’arrow M$
$f$ $M,$ $M’$
Riemam Riemaxm




11 large-scale $\mathrm{g}\infty \mathrm{m}\mathrm{e}\mathrm{t}\mathrm{r}\mathrm{y}$
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